
Math 564: Real analysis and measure theory
Lecture 2

Sigma-algebras .

Det
. Let X be a set

.

A collection A : O/X) of subsets of X is called an algebra
losp . O-algebral if DEA and A is closed under complements and finite

unious /resp
o
etbl unions)

,
hence also under finite (resp. (l) intersections.

A set X equipped with a t-algebra 3 is called a measurable space,
denoted (X

,
3).

Examples .

(a) Let X be a set. The collection A of finite and co-finite sets is an algeb-
-a /because finite unions of finite sets are finite) . The collection 3 ofctbl
and co-ctbl sett is a t-algebra .

Also
,
the powerset P(X) is a F-algebra.

(6) In a metric/topological space,
the collection of clopen sets is a algebra :

we call it the algebra of clopen sets
.

(c) For a finite nonempty set A
,

the clopen sets in A are exactly the

finite disjoint unious of cylinders ,
where the kniteness comes from the compact-

men of A
,

HW.

(d) A box in RP is a set of the form B := F
, xInx ... * Id

,
where each Ij is

n I potentially unbod) interval
,

e . g .

(F
,
i)

,
10

,
13

,
<7

,
)

,
1-8

,
4).

of finite disjoint unious of boxes is an algebra.Biltele
a

of boxes
.
)



Observation. An arbitrary intersection of 15) algebras is a lot algebra ,
i
.
e.

if Ai
,
it I

,
we 18) algebras KenAti is a lot algebra.

This alsons us to define :

Bef
.

Let X be a set and 2 = P(X)
.

The 15t algebra generated by 2 is the

smallest (t-algebral containing& /O(X) is a t-algebra containing e) , namely :

algebra <[>:= 14A : A = O(X) is an algebra and AcE) ;
realgebra < 20 : = 175 : = P(X) is a valgebra and 3223

·

Dot
.

For a metric/topological space X, the F-algebra B(X) generated by open at
is called the Bol T-algebra and the site in it are called Bord sels.

The definition of <22 and <Er we top-down ,

and we now give their bottom-up
equivalente:

Pop ,
Let X be a set and I : P(X)

.

Then

(a) < Ec= In
,
here T: and In := B :Bei :Bi

and kEIN3.

(6) <T> = Ea
,

where Toit2 and Ta := B : Be
, BCVIB : BitU)

& W
. = the smallest untbl cardinal

Proof . (a) is HW
,
(b) is optional ,

Observation
.
In a metric/topological space ,

for
any atbl basis M

,
the 5-algebra

generated by 1 is 28(X) - all Bord ste.
Proof

. Every open sett is a union of sets in 19
,
hears a ctbl union of sel in M,



Leave OE <10
,

so <HEL is a r-algebra containing all open sets
,

heare

& (x) = < 130. But also <13 = B(X) bense I is a collection of open sett.

Measures
.

let X be aret andt?P(X)
.

A function M :
2

-> 10
, 85 is said to be

finitely additive Cresp, othly additive) if

M (i) =ZM(Ai) whenever Ke
,
Att

, andi

lesp . MILA)= MIAil Whenever Airt and Litt
.)

iEIN

Def
.

For a measurable space (X,
5)

,
a measure on IX

,
3) is a othly additive

function M : 3 -> 10
,T with M10) = 0. The triple IX

,
3

, 4) is called

a measure space.

Caution
. People also deal with finitely additive measures on algebras

,
but a

finitely additivemeasure even on a talgebra is
,
in general, not a measure

becase it
was

not beothly additive.

A measure us on a measurable space (X
,
3) is called

a probability measure if MIX) =
1
.

finite if M/X) < &

refinite if X =WBr ,
BES and MB


